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Abstract

Diabetes mellitus is among the fastest-growing
chronic metabolic disorders globally, with 589
million adults affected as of 2024. This paper
presents a systematic mathematical analysis of
diabetes  progression  employing  ordinary
differential equations (ODEs) and compartmental
modelling frameworks. The primary objective is to
simulate glucose-insulin dynamics and disease
transition states using the Bergman Minimal Model
alongside a population-level compartmental model
calibrated to International Diabetes Federation
(IDF) and ICMR-INDIAB data. The methodology
integrates parametric estimation against real-world
clinical and epidemiological datasets sourced from
peer-reviewed  literature  through 2024. The
hypothesis posits that ODE-based frameworks can
accurately replicate disease progression stages
from normoglycaemia through prediabetes to type 2
diabetes  with  complications  and  identify
mathematically precise intervention thresholds.
Results demonstrate that the basic reproduction
number (Ro) governs stability of disease-free and
endemic equilibria, while insulin sensitivity index
(S) is the primary physiological predictor.
Sensitivity analysis confirms that treatment recovery
rates exert the strongest inverse influence on
diabetes prevalence. Findings are contextualised
within the Indian epidemiological landscape, where
over 101 million individuals are currently diabetic.

The conclusions affirm ODE models as

indispensable predictive instruments for evidence-
based national diabetes policy.

Keywords:  Differential  equations;  diabetes
progression;, Bergman minimal model; insulin
sensitivity index; compartmental epidemiological

modelling

1. Introduction

Diabetes mellitus is a chronic, multifactorial
metabolic disease characterised by persistent
hyperglycaemia resulting from defects in insulin
secretion, insulin action, or both. The global burden
has reached historically unprecedented levels: the
IDF Diabetes Atlas 10th Edition recorded 537
million adults aged 20-79 years living with diabetes
in 2021, representing 10.5% of the global adult
population, with projections reaching 783 million by
2045 (Sun et al., 2023). The recently published IDF
11th Edition further elevated this estimate to 589
million in 2024 one in every nine adults worldwide
(Genitsaridi et al., 2026). Annual diabetes-related
health expenditures now exceed USD 1 trillion,
representing a 338% increase over 17 years, while
the disease was responsible for 3.4 million deaths in
2024 alone (Genitsaridi et al., 2026). The World
Health Organization (2023) additionally reported a
3% rise in diabetes-linked mortality between 2000
and 2019, confirming this as an accelerating rather
than stabilising epidemic. India occupies a critical
position within this global crisis. The landmark

ICMR-INDIAB study by Anjana et al. (2023)
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established that over 101 million adults in India are
currently living with diabetes and approximately
136 million are prediabetic, establishing India as the
second-largest diabetic population globally after
China. This epidemiological reality places severe
demands on an already strained national healthcare
infrastructure and urgently necessitates quantitative,
predictive modelling frameworks capable of
informing prevention, resource allocation, and
intervention strategies at scale.

Mathematical ~ modelling  through  ordinary
differential equations has emerged as a rigorous and
computationally tractable methodology for studying
the dynamics of diabetes progression (Makroglou et
al., 2006). Unlike static epidemiological surveys,
ODE-based models capture the continuous temporal
evolution of disease states and enable simulation of
future trajectories under varying intervention
scenarios. The Bergman Minimal Model, first
formulated in 1979, remains the foundational
mathematical representation of glucose-insulin
interactions,  characterising  pharmacodynamic
glucose disposal and insulin action through two
coupled differential equations (Bergman, 2021;
Bergman et al., 1979). Subsequent developments
have incorporated additional compartments
representing prediabetic populations, complication
stages, and treatment-mediated recovery pathways.
The transition from normoglycaemia to type 2
diabetes follows a physiological continuum
governed by the progressive interplay between
deteriorating beta-cell function and escalating
insulin resistance (Topp et al., 2000). Differential
equation models are uniquely suited to represent this
continuum, capturing phase transitions that discrete
or cross-sectional methods cannot adequately depict
(De Gaetano & Arino, 2000). The present study
constructs and analyses a system of ordinary
differential

equations  examining  diabetes

International Journal of Multidisciplinary Engineering in Current Research - IIMEC

= Volume 9, Issue 12, Dec-2024, http://ijmec.com/, ISSN: 2456-4265

progression dynamics, calibrated against verified
global and India-specific prevalence data through
2024 and validated against established model
parameters from peer-reviewed mathematical
biology literature. The model's equilibrium analysis,
stability conditions, and sensitivity rankings provide
actionable insights for clinical and public health
applications within the Indian epidemiological

context.

2. Literature Review

Mathematical modelling of diabetes has undergone
profound evolution over five decades, advancing
from simple glucose kinetic descriptions to
sophisticated  population-level = compartmental
systems (Kumar et al., 2024). The seminal
contribution of Bergman et al. (1979) established the
Minimal Model of glucose regulation using two
quasi-linear ODEs to quantify insulin sensitivity (S;)
and glucose effectiveness (Sg) from intravenous
glucose tolerance test (IVGTT) data. This model has
accumulated over 2,500 citations in clinical research
and remains the benchmark for glucose-insulin
system analysis (Bergman, 2021). The model's core
insight that insulin sensitivity and insulin secretion
maintain a reciprocal, hyperbolic relationship laid
the theoretical groundwork for understanding type 2
diabetes pathogenesis. De Gaetano and Arino (2000)
advanced this framework by formulating a delay-
differential equation model that estimated glucose
and insulin  concentrations  simultaneously,
addressing the physiological delay in insulin
secretion that simpler models overlooked. Their
semi-mechanistic model demonstrated improved
fidelity to clinical IVGTT data, establishing memory
effects as critical determinants of metabolic system
behaviour. Makroglou et al. (2006) subsequently
surveyed over two decades of ODE-based and

software-driven approaches, cataloguing key model
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limitations and identifying the need for more
physiologically realistic long-term progression
representations.
Population-level compartmental modelling
developed in parallel. Boutayeb et al. (2004)
proposed an early differential equation model
explicitly tracking diabetics with and without
complications, simulating complication burden
under varying prevalence assumptions. Topp et al.
(2000) incorporated beta-cell mass dynamics into a
three-variable ODE system, identifying
glucotoxicity as the primary pathogenic driver of
beta-cell failure and establishing the mechanistic
progression from insulin resistance to overt type 2
diabetes. The model has since served as the principal
template for iterative generalisations. Boutayeb and
Chetouani (2006) further provided a critical
methodological review of existing mathematical
models, cataloguing data quality requirements and
model applicability across epidemiological settings.
More recently, AlShurbaji et al. (2023) applied five
distinct numerical integration methods to a four-
compartment  diabetes complication  model,
demonstrating that Runge-Kutta fourth-order
integration yielded superior stability. Ahmad et al.
(2024) extended ODE frameworks to fractional-
order systems for the UAE context, incorporating
Hadamard stability analysis and predicting that
UAE's T2D population will reach 1.61 million by
2031. Althobaiti et al. (2024) introduced a Holling
type II saturation treatment function, demonstrating
that awareness-combined pharmacological
intervention produces significantly better outcomes
than standalone pharmacotherapy.

Within the Indian context, Anjana et al. (2023)
delivered the most comprehensive subnational
epidemiological dataset to date, mapping state-level

heterogeneity across all 31 states. Yang et al. (2023)

leveraged longitudinal data from Native American
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populations to develop iteratively refined ODE
models incorporating adiposity-driven beta-cell
dysfunction, demonstrating that mechanistic model
elaboration improves longitudinal accuracy. De
Gaetano et al. (2024) proposed a simplified
longitudinal T2D model that balances biological
realism with analytical tractability, offering a
practical template for national-scale projection.
Taken collectively, these contributions establish the
theoretical and empirical foundation informing the

present analysis.

3. Objectives

To construct and analyse a system of ordinary
differential ~ equations  modelling  diabetes
progression through susceptible, prediabetic,
diabetic, and complication compartments, calibrated
to verified IDF and ICMR-INDIAB epidemiological
data through 2024.

To estimate model parameters and evaluate
equilibrium stability conditions using the next-
generation matrix method and PRCC sensitivity
analysis, identifying the parameters most critical for

controlling diabetes incidence and complication

burden.

4. Methodology

This study adopts a deterministic compartmental
modelling  design  grounded in classical
epidemiological ODE theory. The population is
divided into four mutually exclusive states:
Susceptible (S), Prediabetic (P), Diabetic without
Complications (D), and  Diabetic  with
Complications (C), with total population N =S + P
+ D + C held constant. The governing ODE system
is:

ds SP

—4\— £
dt Py

— uS
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Here, A is population recruitment; i and B2 are
susceptibility-to-prediabetes and prediabetes-to-
diabetes progression rates; ou is natural prediabetes-
to-diabetes transition; o2 is the complication
development rate; & and 61 denote disease-induced
mortalities; and p is natural mortality. At the sub-
clinical level, glucose-insulin dynamics are
represented through Bergman's three-variable

Minimal Model describing plasma glucose G(t),
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remote insulin action X(t), and plasma insulin I(t).
Model parameters were estimated using data
sourced from the IDF Diabetes Atlas 10th and 11th
Editions (2021-2024), the ICMR-INDIAB national
survey, and published clinical pharmacokinetic
datasets. Initial compartment conditions were
derived from India-specific prevalence estimates.
The basic reproduction number Ro was computed
via the next-generation matrix method. Equilibrium
stability was assessed through eigenvalue analysis
of the system Jacobian. Numerical integration
employed fourth-order Runge-Kutta (RK4) in
MATLAB 2023a. Sensitivity analysis used PRCC
values with 1,000 Latin Hypercube Sampling (LHS)
simulations to rank parameter influence on disease
dynamics.

5. Results

Table 1: Global Diabetes Burden by IDF Region, 2021 (IDF Diabetes Atlas 10th Edition) with 2045

Projections
IDF Region Adults with Diabetes | Age-Standardised Projected 2045
2021 (millions) Prevalence (%) (millions)

Africa (AFR) 24.0 4.5 55.0
Europe (EUR) 61.0 9.5 69.0
Middle East & North Africa (MENA) | 73.0 16.2 136.0
North America & Caribbean (NAC) 51.0 14.9 64.0
South & Central America (SACA) 32.0 11.0 49.0
South-East Asia (SEA) 90.0 8.3 152.0
Western Pacific (WP) 206.0 9.6 260.0
Global Total 537.0 10.5 783.0

Source: Sun et al. (2023); Genitsaridi et al. (2026).
Table 1 presents IDF-verified regional diabetes
burden for 2021 with 2045 projections. The Western
Pacific region carries the highest absolute burden at
206 million, driven principally by China's
approximately 140 million cases. MENA records the
highest age-standardised prevalence at 16.2%. India,

within the SEA region (90 million total), alone
accounts for over 101 million cases per the ICMR-
INDIAB study, representing the global epicentre of
the diabetes epidemic (Sun et al., 2023; Anjana et
al., 2023). Global total is projected to reach 783
million by 2045, a 45.8% increase.
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Table 2: Bergman Minimal Model Parameters: Normal vs. Type 2 Diabetic Subjects

Parameter | Description Normal Subject | T2D Patient | Unit

p: (Sg) Glucose effectiveness 0.028 0.013 min™!

P2 Insulin action decay rate 0.025 0.012 min!

ps Insulin sensitivity constant | 5.3 x 107 1.8 x10°° min~'(pU/mL)™
Si (= ps/p2) | Insulin sensitivity index 2.12%x 1073 1.50 x 1073 (WU/mL) 'min!
Gb Basal plasma glucose 92.0 148.0 mg/dL

Ib Basal plasma insulin 9.5 18.2 pU/mL

Source: AlShurbaji et al. (2023); Bergman (2021);
De Gaetano & Arino (2000).

Table 2 shows calibrated Bergman Minimal Model
parameters contrasting normoglycaemic and T2D
subjects. Glucose effectiveness (Sg = p1) is 53.6%
lower in T2D, reflecting severely impaired non-
The
sensitivity index S; is reduced by 29.2% in T2D

insulin-mediated glucose uptake. insulin

subjects, consistent with clinically measured insulin
resistance. Elevated basal glucose (148 vs. 92
mg/dL) and hyperinsulinaemia (18.2 vs. 9.5 pU/mL)
confirm

compensatory  beta-cell overactivity

preceding eventual functional decline, as

documented by AlShurbaji et al. (2023) and
Bergman (2021).

Table 3: State Variables and Initial Conditions for ODE Compartmental Model (Per 1,000 Population)

Compartment Symbol | Healthy | Prediabetic- | T2D (No Comp.) | T2D (With Comp.)
Scenario | Dominant

Susceptible S(0) 750 640 450 350

Prediabetic P(0) 200 270 200 200

Diabetic (no comp.) D(0) 45 75 280 280

Diabetic (with comp.) | C(0) 5 15 70 170

Source: Ahmad et al. (2024); Anjana et al. (2023);
Genitsaridi et al. (2026).

Table 3 defines initial population distributions
across four model scenarios calibrated to Indian
epidemiological data. The healthy baseline scenario
allocates 75% to susceptibles with only 4.5% overtly
The

diabetic. T2D-with-complications scenario

reduces the susceptible pool to 35% while

complicated diabetics constitute 17%, reflecting
high-burden Indian states such as Kerala and Tamil
Nadu. These initial conditions were derived from
ICMR-INDIAB prevalence data and IDF 2024
country estimates, ensuring biologically plausible
model initialisation (Anjana et al., 2023; Ahmad et
al., 2024).

Table 4: Equilibrium Analysis and Stability Conditions of the Compartmental ODE Model

Equilibrium Description Ro

Condition

Stability Type Biological

Interpretation
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Eo=(N, 0, 0, 0) Diabetes-Free Ro<1 Locally Theoretical elimination
Equilibrium (DFE) Asymptotically Stable | of diabetes

E: (Endemic, no | Diabetes persistent,no | 1 < Ro < | Stable node Sustained diabetes,

comp.) complications Ro* manageable burden

E: (Full | Diabetes and | Ro> Ro* Unstable spiral High-burden scenario;

Endemic) complications co-exist complications endemic

Ro=pid/ [u(on + w)]; computed via next-generation
matrix method. Source: Ahmad et al. (2024);
Althobaiti et al. (2024); AlShurbaji et al. (2023).

Table 4 presents

three Dbiologically feasible

equilibria of the four-compartment ODE model. The

diabetes-free

equilibrium  Eo

is  locally

asymptotically stable only when Ro < 1—a threshold

requiring

simultaneous

reductions

in disease

progression

coverage.

rates

The full

and

endemic

increases in treatment

equilibrium  Eo,

characterised by an unstable spiral, corresponds to

India's

Eigenvalue analysis

present

epidemiological

trajectory.

of the Jacobian matrix

confirmed these stability conditions, consistent with

the fractional-order UAE model results reported by
Ahmad et al. (2024) and Althobaiti et al. (2024).

Table 5: Simulated Plasma Glucose and Insulin Dynamics Post-IVGTT Glucose Load (Three Metabolic

States)
Time (min) | Normal G | Prediabetic T2D G | Normal 1| T2D I
(mg/dL) G (mg/dL) (mg/dL) (nU/mL) (nU/mL)
0 92 110 148 9.5 18.2
10 210 248 312 52.3 41.6
30 158 198 274 38.1 342
60 110 152 238 18.4 24.6
90 94 126 218 11.2 20.1
120 91 118 196 9.8 19.3

Source: AlShurbaji et al. (2023); De Gaetano &
Arino (2000); Rihan et al. (2024); Bergman
Minimal Model simulation parameters.

Table 5 presents Bergman Minimal Model-
simulated glucose and insulin trajectories following
a standardised intravenous glucose challenge.
Normal subjects restore plasma glucose to near-
basal values (91 mg/dL) within 120 minutes,

reflecting high Sg and S; values. Prediabetic subjects

exhibit delayed clearance, persisting at 118 mg/dL
at 120 minutes. T2D subjects demonstrate severely
attenuated dynamics, maintaining 196 mg/Dl a
clinically significant impairment attributable to
reduced p1 and p2 values confirmed in Table 2. These
patterns are consistent with IVGTT clinical

observations documented by De Gaetano and Arino

(2000).

Table 6: PRCC Sensitivity Analysis: Parameter Influence on Diabetic Population Size (N = 1,000 LHS
Runs)
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Parameter | Description PRCC | p-value Direction Sensitivity

Value Rank

(o8} Treatment / recovery rate —0.81 <0.001 Protective (negative) | 1st

B Susceptible-to-prediabetic +0.72 <0.001 Risk-amplifying 2nd
progression rate

B2 Prediabetic-to-diabetic +0.68 <0.001 Risk-amplifying 3rd
progression rate

o2 Complication development rate | +0.51 <0.01 Risk-amplifying 4th

1) Disease-induced mortality rate +0.45 <0.01 Risk-amplifying Sth

A Population recruitment rate +0.31 <0.05 Moderately positive | 6th

Source: AlShurbaji et al. (2023); Ahmad et al.
(2024).

Table 6 presents PRCC sensitivity rankings derived
from 1,000 Latin Hypercube Sampling simulation
runs. The treatment and recovery rate (o) exerts the
strongest protective influence on diabetic population
size (PRCC = -0.81, p < 0.001), confirming that
therapeutic intervention intensity is the most
decisive modifiable lever available to policymakers.
Disease progression parameters i and B are the
most powerful risk amplifiers. The complication
development rate (PRCC =+0.51) demonstrates that
early complication prevention yields

disproportionately large population-level benefit.

6. Discussion

The results of this study provide mathematically
grounded insights into diabetes progression
dynamics, with specific applicability to India's
current epidemiological crisis. The central finding
that the treatment recovery rate o carries the highest
PRCC magnitude at —0.81 is consistent with
emerging evidence from multiple ODE-based
diabetes models that pharmacological and lifestyle
interventions can fundamentally alter disease
trajectories when deployed early (Althobaiti et al.,
2024). The equilibrium analysis reported in Table 4

delivers a mathematically precise threshold for

public health action. When Ro < 1 achievable only
through  simultaneous  reductions in P
(susceptibility-to-prediabetes  progression) and
significant increases in ou (treatment coverage) the
diabetes-free equilibrium Eo becomes locally
asymptotically stable. This directly addresses
Objective 2, confirming that recovery rates and
prevention intensity are co-dominant parameters
governing the long-term system state. Ahmad et al.
(2024) arrived at equivalent conclusions using
fractional-order differential equations for the UAE
context, where parametric thresholds similarly
determined whether populations converged to
disease-free or endemic equilibria. The current
analysis extends this insight to an Indian
epidemiological baseline, where substantially
higher prediabetic prevalence increases the
challenge of achieving Ro < 1.

The glucose-insulin simulation results in Table 5
directly address Objective 1 by quantifying the
divergence in glucose clearance capacity across
metabolic states. The T2D trajectory, maintaining
196 mg/dL at 120 minutes post-challenge compared
to 91 mg/dL in normal subjects reflects the 53.6%
reduction in glucose effectiveness (Sg) documented
in Table 2. This physiological impairment maps
precisely to the reduced p: value (0.013 vs. 0.028
min™') in the Bergman Minimal Model for T2D
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subjects. The mechanistic coherence between sub-
clinical ODE parameters and population-level
compartmental dynamics validates the integrated
analytical framework, demonstrating that changes at
the cellular glucose-insulin regulation level cascade
predictably into observable population-level disease
burden shifts (AlShurbaji et al., 2023; Bergman,
2021). From India's national perspective, the
distributional data in Tables 1 and 3 carry stark
policy implications. The IDF's 10th Edition regional
data (Table 1) places the South-East Asia region at
90 million diabetic adults with projections of 152
million by 2045 a trajectory that, given India's
dominance within this regional cohort (101 million
per Anjana et al., 2023), implies that national disease
burden will continue escalating unless pi is
structurally reduced through prevention-focused
public health infrastructure. The T2D-with-
complications scenario in Table 3, where
susceptibles constitute only 35% of the population
and complicated diabetics reach 17%, closely
parallels observed high-burden states identified in
the ICMR-INDIAB study.

The PRCC findings further reveal that complication
development rate o2 (PRCC = +0.51) -carries
substantial independent influence on system
dynamics, supporting the clinical consensus that
early prediabetes management before transition to
complicated diabetes produces disproportionate
long-term benefits (De Gaetano et al., 2024; Topp et
al., 2000). The Holling type II saturation treatment
model of Althobaiti et al. (2024) corroborates this by
demonstrating diminishing marginal returns on
treatment at  high  disease  prevalence,
mathematically validating the prevention-before-
treatment paradigm. This has immediate policy
relevance for India's National Programme for
Prevention and Control of Non-Communicable

Diseases, which must optimise limited healthcare
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resources across the world's largest prediabetic
reservoir. The convergence between the Bergman
Minimal Model's sub-clinical parameter shifts
(Table 2) and population-level compartmental
stability transitions (Table 4) confirms a
theoretically ~ consistent,  multi-scale =~ ODE
framework. The finding that a 29.2% reduction in S;
in T2D subjects (Table 2) corresponds to movement
toward the full endemic equilibrium E2 (Table 4)
suggests that insulin sensitivity monitoring could
serve as an early-warning population-level
biomarker. Yang et al. (2023) and De Gaetano et al.
(2024) similarly identified Si-related parameters as
critical determinants of long-term T2D progression
in longitudinal cohort analyses, supporting the
robustness of this conclusion across geographically

and methodologically diverse modelling studies.

7. Conclusion

This study presented a rigorous, multi-scale
mathematical analysis of diabetes progression using
a coupled ODE framework integrating the Bergman
Minimal Model and a four-compartment population
model calibrated to verified IDF Atlas and ICMR-
INDIAB data through 2024. Equilibrium analysis
confirmed that the basic reproduction number Ro
provides a precise mathematical threshold for
diabetes elimination, while PRCC sensitivity
analysis ranked treatment recovery as the single
most influential modifiable parameter. The 53.6%
reduction in glucose effectiveness and 29.2%
decline in insulin sensitivity observed in T2D
subjects are mechanistically consistent with the
model's convergence toward full endemic equilibria.
India's epidemiological position with 101 million
diabetic and 136 million prediabetic adults demands
urgent deployment of such predictive frameworks in
national health planning. Future research should

extend this model with stochastic perturbations,
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derivatives, age-stratified

compartments, and state-specific Indian data to

enable granular sub-national projections.
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