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Abstract

Four-dimensional manifolds occupy a uniquely complex position in modern topology. This paper examines their
structural and topological properties through intersection forms, Betti numbers, Euler characteristics, and gauge-
theoretic invariants. The primary objective is to systematically compare smooth and topological 4-manifolds using
standard examples and established invariants. The study employs a descriptive-analytical methodology, drawing on
foundational results from Freedman, Donaldson, and Witten to analyze topological invariants of key 4-manifolds
including S*, CP? §°x§? K3, and the four-torus T* The hypothesis posits that the divergence between smooth and
topological categories in dimension four is uniquely determined by the arithmetic of intersection forms and gauge-
theoretic constraints. Results demonstrate that Euler characteristics range from 0 (T?) to 24 (K3), while Seiberg-
Witten invariants sharply distinguish diffeomorphism types within homeomorphism classes. The discussion affirms
that no single invariant suffices for complete classification, and that the interplay between intersection forms and
gauge theory remains the central framework for understanding 4-manifold topology. The conclusion highlights open

problems including the smooth four-dimensional Poincaré conjecture.
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1. Introduction

Four-dimensional manifolds represent the most structurally intricate objects in low-dimensional topology. Unlike
manifolds in other dimensions where smooth and topological categories largely coincide dimension four is the unique
dimension in which the smooth category diverges radically from the topological category. This singular behavior has
generated decades of intensive mathematical research, culminating in landmark results that continue to reshape our
understanding of geometric structures. The classification problem for 4-manifolds proceeds on two distinct levels. At
the topological level, Freedman's (1982) theorem established that simply connected compact topological 4-manifolds
are completely classified up to homeomorphism by two invariants: their intersection form on middle-dimensional
homology, and the Kirby-Siebenmann invariant—a Z/2Z-valued obstruction to the existence of a piecewise linear
(PL) structure. This result resolved the four-dimensional topological Poincaré conjecture as a corollary, making the
topological classification essentially algebraic in nature.
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However, one year later, Donaldson's (1983) diagonalizability theorem demonstrated that smooth 4-manifolds impose
far stricter constraints: if a closed oriented smooth 4-manifold has a definite intersection form, that form must be
diagonalizable over the integers. Since unimodular definite integer forms that are not diagonalizable such as the Es
form can be realized topologically but not smoothly, Donaldson's result erected a permanent barrier between the two
categories. Together, these two theorems reveal dimension four as a boundary case where deep algebraic, geometric,
and analytic phenomena interact uniquely. The introduction of Seiberg-Witten invariants in 1994 further refined the
classification landscape. Unlike Donaldson's Yang-Mills-based invariants, the Seiberg-Witten equations are first-
order, and their moduli spaces are compact without additional compactification techniques (Witten, 1994; Morgan,
1996). Taubes (1994) proved that Seiberg-Witten invariants of symplectic 4-manifolds are nonvanishing, establishing
a deep connection between symplectic geometry and differential topology.

Classical topological invariants Euler characteristic, signature, Betti numbers, and the intersection form provide the
algebraic scaffolding for distinguishing 4-manifolds. However, the existence of exotic smooth structures, particularly
the exotic R*, demonstrates that classical invariants are insufficient to capture smooth structure. The four-sphere S*
admits a unique smooth structure, while R* admits uncountably many non-diffeomorphic smooth structures a
phenomenon impossible in any other dimension (Gompf & Stipsicz, 1999). This paper undertakes a systematic study
of standard 4-manifolds through their invariants and structural properties. By tabulating exact invariant data and
synthesizing classical and gauge-theoretic perspectives, the paper provides a consolidated reference for structural and

topological analysis of 4-manifolds up to 2021.

2. Literature Review

The modern study of four-dimensional manifolds begins with Rokhlin (1952), who established the first smooth
obstruction: for a closed smooth simply connected 4-manifold with even intersection form, the signature must be
divisible by 16. This result represented a fundamental departure from purely algebraic considerations and signaled the
importance of smooth structure in constraining topological invariants. Milnor (1958) demonstrated that the homotopy
type of a simply connected 4-manifold is determined by its intersection form. Wall (1964) extended this to h-
cobordism classification in the simply connected case, establishing the central role of symmetric unimodular bilinear
forms over the integers as the primary algebraic tool for classifying 4-manifolds. Freedman's (1982) classification of
simply connected topological 4-manifolds produced perhaps the most complete structural theorem in the field. Using
Casson handles infinite towers of 2-handles Freedman proved that every unimodular symmetric integer form can be
realized as the intersection form of a simply connected topological 4-manifold, with at most two homeomorphism
types per form distinguished by the Kirby-Siebenmann obstruction. The comprehensive survey by Friedl et al. (2020)
provides rigorous modern foundations for this theory, including handle structures and triangulation questions in the
topological category.

Donaldson's (1983) gauge-theoretic approach transformed the field. Using Yang-Mills connections, Donaldson proved

his diagonalizability theorem and subsequently developed polynomial invariants distinguishing homeomorphic but
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non-diffeomorphic 4-manifolds. Donaldson (1996) later demonstrated how Seiberg-Witten theory superseded many
Yang-Mills calculations. Kronheimer and Mrowka (1994) used gauge theory to prove the Thom conjecture that
algebraic curves minimize genus in their homology class in CP? demonstrating the power of gauge theory in resolving
classical questions. Witten (1994) introduced the monopole equations, providing a computationally accessible gauge-
theoretic invariant that transformed the technical landscape. Morgan (1996) provided a thorough foundational
treatment of these equations and their topological applications. Taubes (1994) proved that every symplectic 4-
manifold has nonvanishing Seiberg-Witten invariant, and Taubes (2000) extended this to the full equivalence between
Seiberg-Witten invariants and Gromov pseudoholomorphic curve counts for symplectic 4-manifolds. Furuta (2001)
established the 10/8-inequality for spin 4-manifolds b-(M) > (10/8)|c(M)| as a partial result toward the still-open 11/8-
conjecture. Bauer and Furuta (2004) subsequently developed a stable cohomotopy refinement of Seiberg-Witten
invariants, yielding stronger topological constraints than the classical integer-valued invariant. The families Seiberg-
Witten invariants were further developed by Baraglia and Konno (2021), who connected them to families Bauer-
Furuta invariants and detected non-smoothable families of K3 surfaces. Gerig (2021) extended Taubes' "SW=Gr"
theorem to non-symplectic 4-manifolds using near-symplectic geometry, broadening gauge-theoretic methods beyond

the symplectic category.

3. Objectives

1. To systematically compute and compare topological invariants including Euler characteristic, signature, Betti
numbers, and intersection form type of standard four-dimensional manifolds drawn from the established literature.
2. To examine the role of gauge-theoretic invariants, specifically Seiberg-Witten invariants, in distinguishing

smooth structures on 4-manifolds that are topologically identical.

4. Methodology

This study adopts a descriptive-analytical research design grounded in pure mathematics. The sample consists of six
canonical four-dimensional manifolds: the four-sphere S* the complex projective plane CP? its orientation reverse
CP?, the product manifold S2xS2, the K3 surface, and the four-torus T*. These manifolds are selected because they are
well-studied, their invariants are exactly known, and together they represent all fundamental structural types in the
simply connected and non-simply-connected cases. Data collection draws entirely from verified mathematical
literature available through Google Scholar, including foundational papers by Freedman (1982), Donaldson (1983),
Witten (1994), and Furuta (2001), supplemented by comprehensive references such as Gompf and Stipsicz (1999) and
Friedl et al. (2020). All numerical invariant values are computed from standard algebraic topology using the Euler
characteristic formula y = X(—1)ib;, signature theory, and published gauge-theoretic calculations. Analytical tools
include: (i) intersection form analysis—computing rank, signature, and parity of Q: H2(M;Z)xH2(M;Z)—Z; (ii) Betti

number computation via Poincaré duality; (iii) Seiberg-Witten basic class identification; and (iv) comparison of
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smooth versus topological handle structures. Six data tables are presented, each accompanied by interpretive analysis.
The study is purely theoretical; no experimental instruments or sampling procedures beyond literature analysis are
employed.
5. Results

Table 1: Betti Numbers and Euler Characteristics of Standard 4-Manifolds

Manifold bo bs b bs bs (M)
S 1 0 0 0 1 2
CP> 1 0 1 0 1 3
CP? 1 0 1 0 1 3
S2x§? 1 0 2 0 1 4

K3 1 0 22 0 1 24
T* 1 4 6 4 1 0

Source: Calegari (2019); Gompf & Stipsicz (1999)

Table 1 presents the Betti numbers b; = rank H;j(M;Z) and Euler characteristic (M) for six standard 4-manifolds. The
K3 surface, with b = 22 and y = 24, dominates all other examples in homological complexity. T* yields x = 0, as
expected for a compact parallelizable manifold. CP? and CP2 share identical Betti numbers but are distinguishable by
orientation-sensitive invariants. Poincaré duality forces b: = bs = 0 for all simply connected examples, concentrating

topological complexity entirely in b2 (Gompf & Stipsicz, 1999).

Table 2: Intersection Form Properties of Standard 4-Manifolds

Manifold Rank (b:) | Signature ¢ | Form Type | Intersection Form Q
S* 0 0 — Trivial

Cp? 1 +1 Odd (+1)

CPp> 1 -1 Odd (-1)

S2xS? 2 0 Even H=[[0,1],[1,0]]

K3 22 —-16 Even 2(-Es)®3H

Es mfld (top.) | 8 8 Even Es

Source: Freedman (1982); Donaldson (1983); Wall (1964)
Table 2 summarizes intersection form data for key 4-manifolds. The K3 surface carries the indefinite even form
2(—Es)@3H of rank 22 and signature —16 (Calegari, 2019). Donaldson (1983) proved the Es manifold which has a

positive definite even intersection form cannot be realized smoothly, despite existing as a topological manifold per
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Freedman (1982). The standard hyperbolic form H in S?xS? confirms its even indefinite type. These algebraic data

form the backbone of Freedman's topological classification and Donaldson's smooth obstruction.

Table 3: Seiberg-Witten Invariants of Standard 4-Manifolds

Manifold b.* | SW Basic Classes | SW Value Positive Scalar Curvature
S* 0 | None 0 Yes

CP? 1 +ci Chamber-dependent | Yes

S2xS? 1 {0} 0 No

K3 3 +ci(J) +1 No

CP2#CP? 1 | {H(eite2)} Chamber-dependent | Yes

Elliptic surface E(2) | 3 {0} 1 No

Source: Witten (1994); Taubes (1994); Donaldson (1996)

Table 3 catalogues Seiberg-Witten invariants for standard 4-manifolds. The K3 surface has SW invariant +1 on its
basic classes +ci(J), confirming it admits no positive scalar curvature metric (Witten, 1994). Manifolds with b.* > 2
and positive scalar curvature such as S* have all SW invariants identically zero (Taubes, 1994). The elliptic surface
E(2)=K3 has SW invariant 1 on the trivial SpinC structure, reflecting its symplectic nature per Taubes' theorem

(Donaldson, 1996), while CP? has b>* = 1, so the invariant is chamber-dependent.

Table 4: Smooth vs. Topological Structures Across Dimensions

Property Dim<3 Dim =4 Dim > 5
Smooth < PL equivalence Yes (unique) Yes Yes (dim<7)
h-cobordism theorem (smooth) N/A Fails Holds (Smale)
Poincaré conjecture (smooth) True (Perelman) | Open True

Exotic R» structures None Uncountably many | None

Top. mfds without smooth structure | None Exist (Es mfld) Exist (dim > 5)
Simplicial complex obstruction None KS class (complex) | KS class

Source: Gompf & Stipsicz (1999); Kirby & Siebenmann (1977); Manolescu (2016)

Table 4 contrasts structural properties across dimensions, isolating dimension four's anomalous behavior. The failure
of the smooth h-cobordism theorem in dimension four established via Donaldson's work contrasts sharply with all
higher dimensions (Gompf & Stipsicz, 1999). The existence of uncountably many exotic R* structures is unique to
dimension four; no other dimension admits even a single exotic Euclidean smooth structure. Manolescu (2016) further
confirmed that topological manifolds not homeomorphic to simplicial complexes exist in all dimensions >5, extending

Kirby and Siebenmann's (1977) triangulation obstruction theory.
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Table 5: Handle Decomposition of Standard Smooth 4-Manifolds

Manifold | 0-handles | 1-handles | 2-handles | 3-handles | 4-handles
S4 1 0 0 0 1
Cp? 1 0 1 0 1
S2xS? 1 0 2 0 1
K3 1 0 22 0 1
T4 1 4 6 4 1
CP#CP? | 1 0 2 0 1

Source: Gompf & Stipsicz (1999); Calegari (2019)

Table 5 provides handle decomposition data for smooth 4-manifolds. For simply connected smooth 4-manifolds, only
0-, 2-, and 4-handles are necessary since 1- and 3-handles are eliminable via handle trading, consistent with b1 =bs =
0 (Gompf & Stipsicz, 1999). K3 requires exactly 22 two-handles, reflecting b> = 22. T4, being non-simply connected,
requires 1-, 2-, and 3-handles in counts matching b: = 4, b2 = 6, bs = 4 respectively. These handle structures are

fundamental to Kirby calculus in the construction and distinction of smooth 4-manifolds (Calegari, 2019).

Table 6: Key Landmark Theorems in Four-Manifold Theory

Theorem Year | Author(s) | Key Result Significance

Rokhlin's Theorem 1952 | Rokhlin 6 =0 (mod 16) for smooth spin 4-mfds | First smooth
obstruction

Wall's Classification 1964 | Wall h-cobordism in simply-connected case | Bridge to surgery
theory

Freedman Classification 1982 | Freedman | Top. 4-mfds classified by (Q, ks) Resolves top.
Poincaré

Donaldson 1983 | Donaldson | Definite smooth = diagonal form Smooth/top

Diagonalizability divergence

Furuta 10/8-Inequality 2001 | Furuta b2 > (10/8) I}

Source: Rokhlin (1952); Wall (1964); Freedman (1982); Donaldson (1983); Furuta (2001)

Table 6 traces the historical development through landmark theorems. Rokhlin's 1952 result was the first to distinguish
smooth 4-manifolds from topological ones by signature divisibility (Rokhlin, 1952). Wall (1964) provided the
algebraic groundwork later used by Freedman. Freedman's 1982 classification resolved the topological Poincaré
conjecture in four dimensions. Donaldson's 1983 diagonalizability theorem first demonstrated smooth manifolds
cannot realize all topological intersection forms. Furuta's 2001 10/8-inequality improved on Rokhlin using refined

Seiberg-Witten theory (Furuta, 2001), and the 11/8-conjecture remains open as of 2021.
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6. Discussion

The results in Tables 1-6 collectively illuminate two fundamental axes of four-dimensional manifold theory: algebraic
classification via intersection forms and homological invariants, and gauge-theoretic discrimination of smooth
structures within topological equivalence classes. Both objectives of Section 3 are directly addressed. Regarding
Objective 1, Tables 1 and 2 demonstrate that standard invariants vary substantially across the six canonical 4-
manifolds. The Euler characteristic ranges from 0 (T*) to 24 (K3), reflecting enormous variation in the second Betti
number bz. Poincaré duality for closed orientable 4-manifolds ensures bo = bs = 1 and b: = bs for all simply connected
examples, concentrating topological complexity entirely in b2. The intersection form data in Table 2 align precisely
with Freedman's classification theorem: each simply connected topological 4-manifold is uniquely characterized up
to homeomorphism by its intersection form Q and Kirby-Siebenmann invariant ks € {0,1} (Freedman, 1982). The Es
manifold's existence as a topological but non-smooth manifold exemplifies the fundamental separation between
categories established by Donaldson (1983). The unimodular form Ezs is realizable topologically but fails Donaldson's
criterion of diagonalizability, confirming that smooth and topological 4-manifolds inhabit categorically distinct
universes. The comprehensive foundations in Friedl et al. (2020) confirm that this separation is not an artifact of
particular techniques but reflects a deep dimensional anomaly in the algebraic structure of 4-manifold theory.
Regarding Objective 2, the Seiberg-Witten data in Table 3 provide decisive smooth-structure information beyond the
reach of classical invariants. The K3 surface's SW invariant of £1 on its basic classes +ci(J) confirms that K3 is a
minimal symplectic manifold admitting no positive scalar curvature metric a conclusion unreachable from Betti
numbers or signature alone (Witten, 1994). Within homeomorphism classes, SW invariants distinguish exotic pairs of
4-manifolds sharing all classical algebraic data. The vanishing of SW invariants for manifolds with positive scalar
curvature implements Taubes' theorem (1994) directly, while the nonvanishing of K3's invariant reflects Kéhler
geometry: surfaces of general type carry nontrivial basic classes, as Kronheimer and Mrowka (1994) exploited to
prove the Thom conjecture. Bauer and Furuta (2004) refined this picture via stable cohomotopy, extracting stronger
constraints from the SW equations in the spin setting, while Baraglia and Konno (2021) elevated these methods to
families of 4-manifolds, detecting non-smoothable K3 families invisible to classical invariants.

Table 4's dimensional comparison explains why dimension four is exceptional. The failure of the smooth h-cobordism
theorem, the existence of exotic R*, and the gap between topological and smooth Poincaré conjectures are all unique
to dimension four and arise from the interplay between Freedman's topological flexibility and Donaldson's smooth
rigidity. In dimensions > 5, Smale's h-cobordism theorem provides complete smooth classification tools; in dimensions
< 3, topological and smooth categories coincide. Only in dimension four is the gap between topological and smooth
equivalence both large and systematically unpredictable (Gompf & Stipsicz, 1999; Kirby & Siebenmann, 1977). The
handle decomposition data in Table 5 connect abstract invariants to concrete geometric construction. For simply
connected smooth 4-manifolds, elimination of 1- and 3-handles reduces all geometric information to the framing data
of 2-handle attaching maps, which is the domain of Kirby calculus. K3's 22 two-handles, each framed by the
intersection form 2(—Es)@3H, illustrate how abstract algebraic forms manifest as geometric handle configurations
(Gompf & Stipsicz, 1999). Table 6 situates these results historically, tracing the progression from Rokhlin's arithmetic
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constraint through Freedman's classification to Furuta's (2001) quantitative improvement. The still-open 11/8-
conjecture asserting b: > (11/8)|o| for smooth spin 4-manifolds remains the central open problem at this frontier.
Collectively, these results confirm the paper's hypothesis: the divergence between smooth and topological 4-manifolds
is uniquely determined by intersection form arithmetic and gauge-theoretic constraints, and no single invariant suffices
for complete smooth classification. The intersection of gauge theory, algebraic topology, and geometric analysis in

dimension four continues to yield new invariants and deeper structural insight.
7. Conclusion

This paper has examined four-dimensional manifolds through their structural and topological invariants, spanning
Betti numbers, Euler characteristics, intersection forms, handle decompositions, and Seiberg-Witten invariants. The
data confirm that dimension four is structurally unique: it is the only dimension admitting exotic Euclidean space, the
only dimension where the smooth h-cobordism theorem fails, and the only dimension where topological and smooth
Poincaré conjectures diverge. Freedman's topological classification and Donaldson's smooth obstruction delimit the
landscape, while Seiberg-Witten theory particularly Taubes' symplectic results and Furuta's spin inequalities provides
the principal tool for distinguishing smooth structures. The 11/8-conjecture and the smooth four-dimensional Poincaré
conjecture remain the central open problems; their resolution would constitute the next landmark in the structural
theory of 4-manifolds. The interaction of gauge theory, algebraic topology, and geometric analysis in four dimensions

continues to make this one of the most active and productive frontiers in contemporary pure mathematics.
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